Abstract. We propose a valid scheme to measure the Hubble parameter H(z) at high redshifts by detecting the Sandage-Loeb signal (SL signal) which can be realized by the next generation extremely large telescope. It will largely extend the current observational Hubble parameter data (OHD) towards the redshift region of z ∈ [2.0, 5.0], the so-called "redshift desert", where other dark energy probes are hard to provide useful information of the cosmic expansion. Quantifying the ability of this future measurement by simulating observational data for a CODEX (COsmic Dynamics and EXo-earth experiment)-like survey and constraining various cosmological models, we find that the SL signal scheme brings the redshift upper-limit of OHD from z max = 2.3 to z max 5.0, provides more accurate constraints on different dark energy models, and greatly changes the degeneracy direction of the parameters. For the ΛCDM case, the accuracy of Ω m is improved by 58% and the degeneracy between Ω m and Ω Λ is rotated to the vertical direction of Ω k = 0 line strongly; for the wCDM case, the accuracy of w is improved by 15%. The Fisher matrix forecast on different time-dependent w(z) is also performed.
Introduction
That the universe is undergoing an accelerated expansion has been strongly proved. The popular method is the geometrical probe, based on distance measurement: the luminosity distance measurement with the Ia SN [19, 22] , "the standard candle", and the angular diameter distance of the first CMB acoustic peak, Baryon Acoustic Oscillations (BAO), etc [5] , "the standard ruler".
It should be noted here that the above mentioned experiments are based on observations of different objects at different distances, and require invoking the Corponican cosmological principle, and Einstein's equations of motion. Therefore, measuring the dynamics of the universe in a direct and straightforward way would be a new fundamental method on understanding measuring the Hubble parameter H(z).
The determination of the H(z) is directly related to the expansion history of the universe by its definition: H =ȧ/a, where a denotes the cosmic scale factor andȧ is its rate of change with respect to the cosmic time. Besides proving the accelerated expansion of the universe, the Hubble parameter can give us a distinguishable inspect of different cosmology models, a construction of model parameters and modification of some key stages of expansion history. The latest set of the Observational Hubble parameter Data (OHD) has been published in a sample of 28 measurements within 0.07 z 2.30 [6] , via the cosmic chronometer [17, 25, 26, 29] and the BAO peaks [2, 7] etc. The applications of available OHD can be found in [10] and [23] . And the potential power of it was also performed. [14] analyzed the simulated OHD in 0.1 z 2.0 and pointed out that the OHD is a powerful cosmological probe in future. Recently, the nonparametric reconstruction of dynamical dark energy using OHD [28] was accomplished. However, it is a bottleneck for us to get the H(z) in z > 2.3 using former methods. Can we make a dynamical scheme, or the so-called "real-time cosmology" method [21] to measure the H(z) at high redshifts?
Sandage [24] studied a possible cosmological tool to directly measure the temporal variation which was the redshift of extra-galactic sources. Loeb revisited this idea and pointed out that the spectroscopic techniques developed for detecting the reflex motion of stars induced by unseen orbiting planets could be used for detecting the redshift variation of QSO Lyman−α absorption lines [13] , the so-called "Sandage-Loeb" (SL) scheme. The QSOs used in this method lie within the interval 2.0 z 5.0 (the "redshift desert"). The SL signal scheme has been widely applied to various cosmological researches. It is firstly employed to explore dark energy desert in [4] . This scheme is extended to constrain other dark energy model: interacting dark energy [1] , Chaplygin gas [15] , the new agegraphic and Ricci dark energy models [30] , and some modified gravity theories [8] [9] . These previous works used the predicted redshift drift data lied in 2.0 z 5.0 to investigate the expected cosmological constrains for cosmological models.
The upcoming very large project, e.g. the European Extremely Large Telescope (E-ELT) 1 will offer a stable and higher resolution spectroscopic detection which enables the measuring of the Sandage-Loeb signal (SL signal or the so-called "redshft drift"). The undergoing project CODEX (COsmic Dynamics and EXo-earth experiment) 2 aims at detecting the SL signal using E-ELT.
In this paper, we introduce the theory of SL scheme and present the strategy of measuring high redshift OHD from a CODEX-like survey in section 2. Also we perform a test of the future OHD data on various models of dark energy using the analyzing method of MCMC to explore the potential power of constraining parameters in section 3. We utilize the publicly available code PyMC 3 to perform a full MCMC analyze. In the end we get the conclusion in section 4.
From Sandage-Loeb signal to OHD: Theory and Data
The possibility of direct measurement of the redshift drift due to the expansion of the universe was first studied by Sandage (for detailed discussions see [16] ). Here we show SL signal or redshift-drift 4 asv
wherev is the SL signal which can be measured by monitoring the Lyman-α absorption system in the QSOs' spectrum for a decade of ∆t 0 .
The undergoing project CODEX is fed by E-ELT. One of its science targets is to directly measure the accelerating expansion of the universe by detecting the cosmological redshift drift of the Lyman-α forest from QSO lie in 2.0 z 5.0. [12] obtain the estimation of the statistical error model by performing the Monte Carlo simulations of Lyman-α absorption lines: the uncertainty on ∆v can be write as
where S /N is the spectral signal-to-noise defined per 0.00125 nm pixel, N QSO is the number of QSOs and z QSO is the quasar's redshift.
Suppose we detect SL signalv during ∆t 0 , we can convert it to the H(z) and its error in OHD via:
Hence, the SL signal scheme can be used for extending the current OHD towards deeper redshift interval of 2.0 z 5.0. The latest OHD contains 28 points and covers the region from z = 0.1 to 2.3. In our following analysis, we use the data model in Eq. 
Test on Dark Energy models
In this section, we focus on the potential power of high redshift OHD using the measurement strategy described in Eq.(2.3). Because of the possible non-gaussian posteriors on parameters, we use the publicly available MCMC code PyMC [18] to perform a full MCMC analysis.
Standard Cosmological Model
In the ΛCDM scenario, the dark energy is constant, Λ, meaning that the equation of state w = p/ρ ≡ −1. According to the Friedmann equation, the Hubble parameter is
where Ω m + Ω Λ + Ω k = 1. We perform the χ 2 -statistics for this model:
where D is the OHD in the form of {z i , H obs (z i ), σ i } and H is the theoretical prediction of Hubble parameters. The model's free-parameter vector is Ω = (H 0 , Ω m , Ω Λ ). Now we have two datasets: the mix set of available OHD data (0.1 z 2.3) and SL signal expanded OHD(2.0 z 5.0, ∆t 0 = 10 years) is labeled as OHD + ; the current available OHD is labeled as OHD. The capacity of OHD + to constrain this model is presented in Fig.2 and Fig.3 . We find that the OHD + change the degeneracy direction significantly towards the vertical direction of the line Ω m + Ω Λ = 0 compared with the OHD and perform a better constrains. From Fig.3 , we find the OHD + break the current degeneracy between H 0 and Ω m and perform a tighter constrains.
wCDM Scenario
Another widely studied model of dark energy is wCDM parameterization where the dark energy characterized by an equation of state w = p/ρ which is constant. The Friedmann equation in this model is:
Here a flat universe is assumed i.e., Ω m +Ω DE = 1. The same χ 2 −statistics is performed using Eq.(3.2) while the free-parameter vector is Ω = (H 0 , Ω m , w) here. The numerical results demonstrating the capability of OHD + to constrain this model is showed in Fig.4 , we find the degeneracy of OHD is not broken by the OHD + , but the shape of OHD + constraints implies a better gaussian-like distribution in this parameter plane.
To illustrate the improvement of OHD + on constraining these two cosmological models, we compare the marginalized probability distribution function of model parameters. Since the forecast data is determined by the fiducial model with Planck analysis results, we just check the error bar (σ) for each parameter. Hence we define the quality
where σ is the 1-σ error of cosmological model parameters constrained by OHD and σ + by the OHD + to describe the improvement of constraints. The result and comparison are listed in Table. 1. We find that in case of ΛCDM the OHD + can improve all of the parameters with ε varies from 15.7% (for parameter H 0 ) to 58.5% (for parameter Ω m ); while for wCDM, the improvement is insignificant: the improvement on w is high (ε = 15.4%) but not better on Ω m .
The time-dependent w(z)
The dark energy is characterized by the equation of state, w(z). Considering the w(z) as the function of redshift, lots of models, such as Quintessence, phantom, Quintoms etc., are used to explain the Here Ω represents the model parameter space. The last column (ε) is the relative improvement ratio for each model parameter defined in Eq.(3.4). dark energy. Under the phenomenological parameterization like CPL parameterization w(z) = w 0 + w a z/(1 + z) [3, 11] , the parameter plane w 0 − w a can be divided into four blocks: the Quintom A, Quintom B, Phantom and Quintessence by lines w 0 = 1 and w a = −w 0 − 1 (see Fig.1 in [27] ). Each of them refers to very different physical background.
To test if the OHD + can distinguish the these different models, we perform the Fisher matrix forecast on these models. Here we take a more ambitious estimation on this future experiment: suppose the QSO targets from SDSS DR7 5 
Conclusion and Discussions
In this paper we propose a new scheme to obtain the OHD in 2 z 5 from the Sandage-Loeb signal by observing the Lyman-α forest of QSOs. We evaluated a CODEX-like survey and forecasted OHD points from SL signal with high redshifts as an addition to current ones. The mixed data set of the current and the forecast data is called OHD + . We analyzed the prospects for constraining dark energy models with OHD + and comparing the results with the OHD's. The global fitting showed that for ΛCDM, comparing with OHD, all the errors on the single parameter are improved significantly(see Table. 1) and the degeneracy between Ω m and Ω Λ is rotated to the vertical direction of the Ω m +Ω Λ = 0 line (see Fig.2) . The degeneracy between H 0 and Ω m is broken (see Fig.3 ). In the wCDM case, the parameter w, we found OHD + implies tighter constraints (e.g. the improvement ratio ε for w is 15.4%). A capability of distinguishing the Quinton A, Quinton B, Phantom and Quintessence models from the w 0 − w a plane under the CPL parameterization is also studied. We found although the Fisher matrix forecast on SL signal experiment is quite optimistic, it is still hard to distinguish them very well. Sandage-Loeb signal raises the available OHD redshift upper-limit largely (from z max = 2.3 to 5.0). Different from the former methods, SL signal provides direct measurement of the cosmic expansion: the SL signal scheme is conceptually simple and is a direct probe of dynamic cosmic expansion, though being observationally challenging; the data processing is also direct, there is no need of calibration step like Ia SNe e.g. the spectrum flux difference operations to derivative ∆v in this experiment between two different observational epochs will reduce the spectrum noise. Besides, the errors of data is linearly decreased with observational time intervals ∆t 0 and can be significantly small over a few decades. It is hopeful to see small data errors from a long enough observational interval.
